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1. Introduction and preliminaries.
The differential algebra has been studied by many authors for the last seventy years
and especially the relationships between derivations and the structure of rings. The notion
of the ring with derivation is old and plays an important role in the integration of analysis,
algebraic geometry and algebra. In 1950 J. Ritt, [9], and in 1973 E. Kolchin, [7], wrote
the classical books on differential algebra.
During the last few decades there has been a great deal of works concerning derivations
in rings, in Lie rings, in skew polynomial rings and other algebraic structures.
Herstein, see [5] and [6], constructed, starting from the ring R, a new ring, namely the
Jordan ring R, defining the product in this a ◦ b = ab + ba for any a, b ∈ R. This new
product is well-defined and it can be easily verified that (R,+, ◦) is a ring. An additive
mapping D, from the Jordan ring into itself, is said by Herstein to be a Jordan derivation,
if D(a ◦ b) = D(a) ◦ b+ a ◦D(b), for any a, b ∈ R. So, in 1957, Herstein proved a classical
result:
If R is a prime ring of a characteristic different from 2, then every Jordan derivation
of R is a derivation.
Later in 1988 M. Bresˇar, see [1] and [2], extended this theorem.
For semilattice M the set EM of the endomorphisms of M is a semiring with respect
to the addition and multiplication defined with:
• h = f + g when h(x) = f(x) ∨ g(x) for all x ∈M,
• h = f · g when h(x) = f (g(x)) for all x ∈M.
This semiring is called the endomorphism semirimg of the semilattice M.
In this paper all semilattices considered are finite chains. We fix a finite chain
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Cn = ({0, 1, . . . , n− 1} , ∨) and denote the endomorphism semiring of this chain by
ECn . We do not assume that α(0) = 0 for arbitrary α ∈ ECn. So, there is not a zero in
endomorphism semiring ECn.
Let us fix elements a0, . . . , ak−1 ∈ Cn, where k ≤ n and a0 < . . . < ak−1. Let us cosider
A = {a0, . . . , ak−1}. We shall be interested endomorphisms α ∈ ECn such that Im(α) ⊆ A
and denote this set by σ(n){a0, . . . , ak−1}.
Let {b0, . . . , bℓ−1} ⊆ {a0, . . . , ak−1} and consider the set
σ(n){b0, . . . , bℓ−1} = {β| β ∈ σ
(n){a0, . . . , ak−1}, Im(β) = {b0, . . . , bℓ−1} }
For β1, β2 ∈ σ(n){b0, . . . , bℓ−1} let β1 ∼ β2 if and only if the sets Im(β1) and Im(β2) have
a common least element. In this way we define an equivalence relation. Any equivalence
class can be identified with its least element which is the constant endomorphism bm,
where m = 0, . . . ℓ− 1.
Now take a simplicial complex ∆ with vertex set V = {a0, . . . , ak−1}. The set
{b0, . . . , bℓ−1} is a subset of ∆. Hence, we can consider the set σ(n){b0, . . . , bℓ−1} as a
face of ∆. In particular, when the simplicial complex ∆ consists of all subsets of V , it is
called a simplex (see [13]) and ∆ = σ(n){a0, . . . , ak−1}.
It is easy to see that for any set A = {a0, . . . , ak−1} ⊆ Cn the simplex
σ(n){a0, . . . , ak−1} is a subsemiring of ECn . The number k is called a dimension of simplex
σ(n){a0, . . . , ak−1}. Any simplex σ(n){b0, b1, . . . , bℓ−1}, where b0, . . . , bℓ−1 ∈ A, is a face of
simplex σ(n){a0, . . . , ak−1}. If ℓ < k, face σ
(n){b0, b1, . . . , bℓ−1} is called a proper face.
The proper faces of simplex σ(n){a0, . . . , ak−1} are:
• 0 – simplices, which are vertices a0, . . . , ak.
• 1 – simplices, which are called strings . They are denoted by ST R(n){a, b}, where
a, b ∈ A.
• 2 – simplices, which are called triangles. They are denoted by △(n){a, b, c}, where
a, b, c ∈ A.
The endomorphisms α ∈ σ(n){a0, a1, . . . , ak−1} such that
α(0) = · · · = α(i0 − 1) = a0, α(i0) = · · · = α(i0 + i1 − 1) = a1, · · ·
α(i0 + · · ·+ ik−2) = · · · = α(i0 + · · ·+ ik−1 − 1) = ak−1
we denote by α = (a0)i0(a1)i1 . . . (ak−1)ik−1, where
k−1∑
p=0
ip = n.
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The endomorphism semirings of a finite semilattice are well-established, see [13],
[14] and [15]. Basic facts for semirings can be found in [4]. The results for derivations
in semirings had been proved earlier – [11], [16], [17], [18], [19] and [20]. Concerning
background of simplicial complexes and combinatorics a reader is referred to [8] and [10].
2. Ten types Jordan derivations in a triangle
Our aim of this section is to prove that for any endomorphism α ∈ △(n){a, b, c} the
map
∂α : △
(n){a, b, c} → △(n){a, b, c}
which is Jordan multiplication, i. e. ∂α(β) = αβ + βα, where β ∈ △(n){a, b, c} is a
derivation in the triangle and to find to find the maximal subsemiring of △(n){a, b, c}
closed under this derivation.
For any endomorphisms α, β, γ ∈ △(n){a, b, c} it follows
∂α(β + γ) = α(β + γ) + (β + γ)α = αβ + βα + αγ + γα = ∂α(β) + ∂α(γ).
Hence the map ∂α for all α ∈ △(n){a, b, c} is a linear.
From [15] we know that any endomorphism α ∈ △(n){a, b, c} can be characterized by
ordered triple (x, y, z), where α(a) = x, α(b) = y and α(c) = z and x, y, z ∈ {a, b, c} and
this triple is called a type of α. This is denoted by α ∈ (x, y, z). So, there are ten different
types in a triangle.
The proof that ∂α is a derivation for some α ∈ △(n){a, b, c} depends of the type of
this endomorphism. Thus we show ten different proofs such that for any endomorphism
α from a given type the Jordan multiplication ∂α(β) = αβ + βα, where β ∈ △
(n){a, b, c}
is a derivation.
An arbitrary Jordan multiplication ∂α, where α ∈ (x, y, z) is denoted by ∂(x,y,z).
In the first three cases we suppose that β and γ are arbitrary endomorphisms of
△(n){a, b, c}.
Case 1. Let α ∈ (a, b, c). Following [15] this means that α is right identity of semiring
△(n){a, b, c}. Thus we find ∂(a,b,c)(β) = αβ + βα = αβ + β. Similarly ∂(a,b,c)(γ) = αγ + γ
and ∂(a,b,c)(βγ) = αβγ + βγ. Hence
∂(a,b,c)(β)γ + β∂(a,b,c)(γ) = (αβ + β)γ + β(αγ + γ) = αβγ + βγ + βαγ + βγ =
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= αβγ + βγ + βγ + βγ = αβγ + βγ = ∂(a,b,c)(βγ).
So, we prove
Proposition 1. The map ∂(a,b,c) is a derivation in the whole semiring △(n){a, b, c}.
Case 2. Let α ∈ (a, a, a). Then ∂(a,a,a)(β) = αβ + a = αβ. Similarly ∂(a,a,a)(γ) = αγ
and ∂(a,a,a)(βγ) = αβγ. Now we find ∂(a,a,a)(β)γ + β∂(a,a,a)(γ) =
= αβγ + βαγ = αβγ + aγ = (αβ + a)γ = αβγ = ∂(a,a,a)(βγ).
Hence we prove
Proposition 2. The map ∂(a,a,a) is a derivation in the whole semiring △
(n){a, b, c}.
Case 3. Let α ∈ (c, c, c). Then ∂(c,c,c)(β) = αβ+βα = αβ+c = c. Similarly ∂(c,c,c)(γ) =
c and ∂(c,c,c)(βγ) = c. Now
∂(c,c,c)(β)γ + β∂(c,c,c)(γ) = cγ + βc = cγ + c = c = ∂(c,c,c)(βγ).
Hence we prove
Proposition 3. The map ∂(c,c,c) is a derivation in the whole semiring △
(n){a, b, c}.
Case 4. Let α ∈ (b, b, b). For arbitrary endomorphism β it follows βα = b and then
∂(b,b,b)(β) = αβ + b.
Case 4.1. Let β(b) ≤ b and γ(b) ≤ b. Now, it follows αβ ≤ b, αγ ≤ b and then
∂(b,b,b)(β) = b and ∂(b,b,b)(γ) = b. Since βγ(b) = γ(β(b)) ≤ γ(b) ≤ b, it follows ∂(b,b,b)(βγ) =
b. We obtain ∂(b,b,b)(β)γ + β∂(b,b,b)(γ) = bγ + βb = bγ + b. But bγ ≤ b (since γ(b) ≤ b),
hence ∂(b,b,b)(β)γ + β∂(b,b,b)(γ) = b = ∂(b,b,b)(βγ).
Case 4.2. Let β(b) ≤ b and γ ∈ (c, c, c). As in the previous case ∂(b,b,b)(β) = b. Now,
we have ∂(b,b,b)(γ) = αγ + γα = c+ b = c. We obtain ∂(b,b,b)(βγ) = αβγ + βγα = c+ b = c
and then ∂(b,b,b)(β)γ + β∂(b,b,b)(γ) = bγ + βc = c = ∂(b,b,b)(βγ).
Case 4.3. Let β ∈ (c, c, c) and γ(b) ≤ b. As in the previous case ∂(b,b,b)(β) = c and
∂(b,b,b)(γ) = b. Now, it follows ∂(b,b,b)(βγ) = αβγ + βγα = cγ + βb and then ∂(b,b,b)(β)γ +
β∂(b,b,b)(γ) = cγ + βb = ∂(b,b,b)(βγ).
Case 4.4. Let β ∈ (c, c, c) and γ ∈ (c, c, c). Obviously ∂(b,b,b)(β) = c, ∂(b,b,b)(γ) = c,
∂(b,b,b)(βγ) = c and ∂(b,b,b)(β)γ + β∂(b,b,b)(γ) = c = ∂(b,b,b)(βγ).
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Suppose that β(b) = a, γ(a) ≤ b and γ(b) = c. Then αβ = a, βα = b and ∂(b,b,b)(β) = b.
We find γα = b, αγ = c and ∂(b,b,b)(γ) = c. Now obtain ∂(b,b,b)(βγ) = αβγ + βγα =
aγ + βb = aγ + b = b. Now, it follows
∂(b,b,b)(β)γ + β∂(b,b,b)(γ) = bγ + βc = c > ∂(b,b,b)(βγ).
From the last inequality follows that the endomorphisms of types (a, c.c) and (b, c, c)
does not belong to the subsemiring D(b,b,b) of △
(n){a, b, c}, closed under the derivation
∂(b,b,b).
Hence we prove
Proposition 4. The map ∂(b,b,b) is a derivation. Maximal subsemiring of △
(n){a, b, c}
closed under this derivation is D(b,b,b) containing all endomorphisms except the
endomorphisms of types (a, c.c) and (b, c, c).
Case 5. Let α ∈ (a, b, b).
Case 5.1. Let β(b) ≤ b and γ(b) ≤ b. Since
αβ(a) = β(α(a)) = β(a) = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(b) = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(b) = α(β(b)) ≥ α(β(c)) = βα(c),
it follows αβ ≤ βα, so ∂(a,b,b)(β) = βα. Similarly ∂(a,b,b)(γ) = γα. Since βγ(b) = γ(β(b) ≤
γ(b) ≤ b we have ∂(a,b,b)(βγ) = βγα. Now, it follows
∂(a,b,b)(β)γ + β∂(a,b,b)(γ) = βαγ + βγα = β(αγ + γα) = βγα = ∂(a,b,b)(βγ).
Case 5.2. Let β(b) ≤ b and γ ∈ (c, c, c). As in the previous case follows ∂(a,b,b)(β) = βα.
We obtain ∂(a,b,b)(γ) = αγ + γα = c + γα = c. So, we find ∂(a,b,b)(βγ) = αβγ + βγα =
c+ βγα = c and
∂(a,b,b)(β)γ + β∂(a,b,b)(γ) = βαγ + βγα = β(αγ + γα) = βc = c = ∂(a,b,b)(βγ).
Case 5.3. Let β ∈ (c, c, c) and β(b) ≤ b. As in the previous case αβ = c, ∂(a,b,b)(β) = c
and ∂(a,b,b)(γ) = γα. We obtain ∂(a,b,b)(βγ) = αβγ + βγα = cγ + βγα and then
∂(a,b,b)(β)γ + β∂(a,b,b)(γ) = cγ + βγα = ∂(a,b,b)(βγ).
Case 5.4. Let β ∈ (c, c, c) and γ ∈ (c, c, c). Obviously ∂(a,b,b)(β) = c, ∂(a,b,b)(γ) = c,
∂(a,b,b)(βγ) = c and ∂(a,b,b)(β)γ + β∂(a,b,b)(γ) = c = ∂(a,b,b)(βγ).
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Suppose that β(b) = a, β(c) = b, γ(a) = b and γ(b) = c. Since
αβ(a) = β(α(a)) = β(a) = a = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(b) = a = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(b) = a < b = α(β(c)) = βα(c),
it follows ∂(a,b,b)(β) = βα. Since
αγ(a) = γ(α(a)) = γ(a) = b = α(γ(a)) = γα(a),
αγ(b) = γ(α(b)) = γ(b) = c > b = α(γ(b)) = γα(b),
αγ(c) = γ(α(c)) = γ(b) = c > b = α(γ(c)) = γα(c),
it follows ∂(a,b,b)(γ) = αγ. We find ∂(a,b,b)(βγ) = αβγ+βγα < βαγ+βαγ = βαγ and then
∂(a,b,b)(β)γ + β∂(a,b,b)(γ) = βαγ + βαγ = βαγ > ∂(a,b,b)(βγ).
From the last inequality follows that the endomorphisms of type (b, c, c) does not
belong to the subsemiring D(a,b,b) of △
(n){a, b, c}, closed under the derivation ∂(a,b,b).
If assume that endomorphisms of type (a, c, c) belongs to D(a,b,b) we have reached a
contradiction, because sum of an endomorphism of type (a, c, c) and b is an endomorphism
of type (b, c, c). So, D(a,b,b) = D(b,b,b). Thus we prove
Proposition 5. The map ∂(a,b,b) is a derivation. Maximal subsemiring of △
(n){a, b, c}
closed under this derivation is D(a,b,b) containing all endomorphisms except the
endomorphisms of types (a, c.c) and (b, c, c).
Case 6. Let α ∈ (a, a, c).
Case 6.1. Let β(b) ≤ b and γ(b) ≤ b. Since
αβ(a) = β(α(a)) = β(a) ≥ a = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(a) ≥ a = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) = α(β(c)) = βα(c),
it follows αβ ≥ βα and ∂(a,a,c)(β) = αβ. Similarly ∂(a,a,c)(γ) = αγ. Since βγ(b) = γ(β(b) ≤
γ(b) ≤ b we have ∂(a,a,c)(βγ) = αβγ. So, we have
∂(a,a,c)(β)γ + β∂(a,a,c)(γ) = αβγ + βαγ = (αβ + βα)γ = αβγ = ∂(a,a,c)(βγ).
Case 6.2. Let β(b) ≤ b and γ ∈ (c, c, c). As in the previous case follows ∂(a,a,c)(β) = αβ.
It follows ∂(a,a,c)(γ) = αγ+γα = c+c = c. So, we find ∂(a,a,c)(βγ) = αβγ+βγα = c+βγα =
c and then
∂(a,a,c)(β)γ + β∂(a,a,c)(γ) = αβγ + βc = c+ c = c = ∂(a,a,c)(βγ).
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Case 6.3. Let β ∈ (c, c, c) and γ(b) ≤ b. As in the previous case αβ = c and βα = c,
so, ∂(a,a,c)(β) = c and also ∂(a,a,c)(γ) = αγ. Now, we obtain ∂(a,a,c)(βγ) = αβγ + βγα =
cγ + βγα. But βγα ≤ βαγ = cγ, hence, ∂(a,a,c)(βγ) = cγ. Then
∂(a,a,c)(β)γ + β∂(a,a,c)(γ) = cγ + βαγ = cγ + cγ = cγ = ∂(a,a,c)(βγ).
Case 6.4. Let β ∈ (c, c, c) and γ ∈ (c, c, c). As in case 4 and case 5 we find ∂(a,a,c)(β)γ+
β∂(a,a,c)(γ) = ∂(a,a,c)(βγ).
Suppose that β(a) = a, β(b) = c and γ(b) ≤ b. Since
αβ(a) = β(α(a)) = β(a) = a = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(a) = a < c = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) = c = α(β(c)) = βα(c),
it follows αβ < βα and ∂(a,a,c)(β) = βα. As in case 6.1 ∂(a,a,c)(γ) = αγ. We calculate
∂(a,a,c)(β)γ + β∂(a,a,c)(γ) = βαγ + βαγ = βαγ. Now, it follows
∂(a,a,c)(βγ) = αβγ + βγα > βαγ + βγα =
= β(αγ + γα) = βαγ = ∂(a,a,c)(β)γ + β∂(a,a,c)(γ).
From the last inequality follows that the endomorphisms of type (a, c, c) does not
belong to the subsemiring D(a,a,c) of △
(n){a, b, c}, closed under the derivation ∂(a,a,c). If
assume that endomorphisms of type (b, c, c) belongs to D(a,a,c) we find a contradiction,
because product of an endomorphism of type (b, c, c) and an endomorphism of type (a, a, c)
is an endomorphism of type (a, c, c). So, D(a,a,c) = D(b,b,b). Thus we prove
Proposition 6. The map ∂(a,a,c) is a derivation. Maximal subsemiring of △(n){a, b, c}
closed under this derivation is D(a,a,c) containing all endomorphisms except the
endomorphisms of types (a, c.c) and (b, c, c).
Case 7. Let α ∈ (b, b, c).
Case 7.1. Let β(b) ≤ b and γ(b) ≤ b. Since
αβ(a) = β(α(a)) = β(b) ≤ b = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(b) ≤ b = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) ≤ α(β(c)) = βα(c),
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it follows αβ ≤ βα and ∂(b,b,c)(β) = βα. Similarly ∂(b,b,c)(γ) = γα. Since βγ(b) = γ(β(b) ≤
γ(b) ≤ b, it follows ∂(b,b,c)(βγ) = βγα. So, we obtain
∂(b,b,c)(β)γ + β∂(b,b,c)(γ) = βαγ + βγα = β(αγ + γα) = βγα = ∂(b,b,c)(βγ).
Case 7.2. Let β(b) ≤ b and γ ∈ (c, c, c). As in the previous case follows ∂(b,b,c)(β) = βα.
We find ∂(b,b,c)(γ) = αγ+γα = c+c = c. Then we find ∂(b,b,c)(βγ) = αβγ+βγα = c+cα =
c. So, it follows
∂(b,b,c)(β)γ + β∂(b,b,c)(γ) = βαγ + βc = c+ c = c = ∂(b,b,c)(βγ).
Case 7.3. Let β ∈ (c, c, c) and γ(b) ≤ b. As in the previous case αβ = c and βα = c,
then ∂(b,b,c)(β) = c and also ∂(b,b,c)(γ) = γα. Now, we obtain ∂(b,b,c)(βγ) = αβγ + βγα =
cγ + βγα. Then
∂(b,b,c)(β)γ + β∂(b,b,c)(γ) = cγ + βγα = ∂(b,b,c)(βγ).
Case 7.4. Let β ∈ (c, c, c) and γ ∈ (c, c, c). As in the cases 4, 5 and 6 we find ∂(b,b,c)(β)γ+
β∂(b,b,c)(γ) = ∂(b,b,c)(βγ).
Suppose that β ∈ (a, a, b) and γ ∈ (a, c, c). Since
αβ(a) = β(α(a)) = β(b) = a < b = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(b) = a < b = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) = b = α(β(c)) = βα(c),
it follows αβ < βα and ∂(b,b,c)(β) = βα. Since
αγ(a) = γ(α(a)) = γ(b) = c > b = α(γ(a)) = γα(a),
αγ(b) = γ(α(b)) = γ(b) = c = α(γ(b)) = γα(b),
αγ(c) = γ(α(c)) = c > b = α(γ(c)) = γα(c),
it follows αγ > γα and ∂(b,b,c)(γ) = αγ
Now, it follows ∂(b,b,c)(β)γ + β∂(b,b,c)(γ) = βαγ + βαγ = βαγ. Then
∂(b,b,c)(βγ) = αβγ + βγα < βαγ + βγα =
= β(αγ + γα) = βαγ = ∂(b,b,c)(β)γ + β∂(b,b,c)(γ).
From the last inequality follows that the endomorphisms of type (a, c, c) does not
belong to the subsemiring D(b,b,c) of △(n){a, b, c}, closed under the derivation ∂(b,b,c). If
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assume that endomorphisms of type (b, c, c) belongs to D(b,b,c) we find a contradiction,
because product of an endomorphism of type (b, c, c) and an endomorphism of type (a, a, c)
is an endomorphism of type (a, c, c). So, D(b,b,c) = D(b,b,b). Thus we prove
Proposition 7. The map ∂(b,b,c) is a derivation. Maximal subsemiring of △
(n){a, b, c}
closed under this derivation is D(b,b,c) containing all endomorphisms except the
endomorphisms of types (a, c, c) and (b, c, c).
Case 8. Let α ∈ (a, c, c). c
Case 8.1. Let β(b) ≥ b and γ(b) ≥ b. Since
αβ(a) = β(α(a)) = β(a) ≤ α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(c) ≤ c = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) ≤ c = α(β(c)) = βα(c),
it follows αβ ≤ βα and ∂(a,c,c)(β) = βα. Similarly ∂(a,c,c)(γ) = γα. Since βγ(b) = γ(β(b) ≥
γ(b) ≥ b, it follows ∂(a,c,c)(βγ) = βγα. So, we obtain
∂(a,c,c)(β)γ + β∂(a,c,c)(γ) = βαγ + βγα = β(αγ + γα) = βγα = ∂(a,c,c)(βγ).
Case 8.2. Let β(b) ≥ b and γ ∈ (a, a, a). As in the previous case follows ∂(a,c,c)(β) = βα.
We obtain ∂(a,c,c)(γ) = αγ + γα = a + a = a. Then we find ∂(a,c,c)(βγ) = αβγ + βγα =
a+ βa = a. So, it follows
∂(a,c,c)(β)γ + β∂(a,c,c)(γ) = βαγ + βa = a+ a = a = ∂(a,c,c)(βγ).
Case 8.3. Let β ∈ (a, a, a) and γ(b) ≥ b. As in the previous case αβ = a and βα = a,
then ∂(a,c,c)(β) = a and also ∂(a,c,c)(γ) = γα. Now, we find ∂(a,c,c)(βγ) = αβγ + βγα =
aγ + βγα. Then
∂(a,c,c)(β)γ + β∂(a,c,c)(γ) = aγ + βγα = ∂(a,c,c)(βγ).
Case 8.4. Let β ∈ (a, a, a) and γ ∈ (a, a, a). As in the previous case ∂(a,c,c)(β) = a,
∂(a,c,c)(γ) = a and ∂(a,c,c)(βγ) = a. Then we have ∂(a,c,c)(βγ) = ∂(a,c,c)(β)γ + β∂(a,c,c)(γ).
Suppose that β ∈ (a, b, b) and γ ∈ (a, a, c). Since
αβ(a) = β(α(a)) = β(a) = a = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(c) = b < c = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) = b < c = α(β(c)) = βα(c),
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it follows αβ < βα and ∂(a,c,c)(β) = βα. Since
αγ(a) = γ(α(a)) = γ(a) = a = α(γ(a)) = γα(a),
αγ(b) = γ(α(b)) = γ(c) = c > a = α(γ(b)) = γα(b),
αγ(c) = γ(α(c)) = c = α(γ(c)) = γα(c),
it follows αγ > γα and ∂(a,c,c)(γ) = αγ
Now, it follows ∂(a,c,c)(β)γ + β∂(a,c,c)(γ) = βαγ + βαγ = βαγ. Then
∂(a,c,c)(βγ) = αβγ + βγα < βαγ + βγα =
= β(αγ + γα) = βαγ = ∂(a,c,c)(β)γ + β∂(b,b,c)(γ).
From the last inequality follows that the endomorphisms of type (a, a, c) does not
belong to the subsemiring D(a,c,c) of △
(n){a, b, c}, closed under the derivation ∂(a,c,c).
If assume that endomorphisms of type (a, a, b) belongs to D(a,c,c) we find a
contradiction, because product of an endomorphism of type (a, a, b) and an endomorphism
of type (a, c, c) is an endomorphism of type (a, a, c).
So, the semiring D(a,c,c) does not contain endomorphisms of types (a, a, b) and (a, a, c).
Thus we prove
Proposition 8. The map ∂(a,c,c) is a derivation. Maximal subsemiring of △
(n){a, b, c}
closed under this derivation is D(a,c,c) containing all endomorphisms except the
endomorphisms of types (a, a, b) and (a, a, c).
Case 9. Let α ∈ (a, a, b).
Case 9.1. Let β(b) = a and γ(b) = a. Then αβ = a and ∂(a,a,b)(β) = βα. Similarly
αγ = a and ∂(a,a,b)(γ) = γα. Since βγ(b) = γ(β(b)) = γ(b) = b, it follows ∂(a,a,b)(βγ) =
βγα. Hence
∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = βαγ + βγα = β(αγ + γα) = βγα = ∂(a,a,b)(βγ).
Case 9.2. Let β(b) = b and γ(b) = b. Since
αβ(a) = β(α(a)) = β(a) ≥ α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(a) ≥ a = α(b) = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(b) = b = α(c) = α(β(c)) = βα(c),
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it follows αβ ≥ βα and ∂(a,a,b)(β) = αβ. Similarly ∂(a,a,b)(γ) = αγ. Since βγ(b) = b, it
follows ∂(a,a,b)(βγ) = αβγ. Then we obtain
∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = αβγ + βαγ = (αβ + βα)γ = αβγ = ∂(a,a,b)(βγ).
Case 9.3. Let β(b) = a and γ(b) = b. As in case 9.1, it follows αβ = a and ∂(a,a,b)(β) =
βα. As in case 9.2 we obtain ∂(a,a,b)(γ) = γα. We calculate ∂(a,a,b)(β)γ + β∂(a,a,b)(γ) =
βαγ + βγα = β(αγ + γα) = βγα and ∂(a,a,b)(βγ) = αβγ + βγα = aγ + βγα. Since
βγα ≥ βαγ ≥ aγ, it follows
∂(a,a,b)(βγ) = βγα = ∂(a,a,b)(β)γ + β∂(a,a,b)(γ).
Case 9.4. Let β(b) = b and γ(b) = a. As in the previous case ∂(a,a,b)(β) = βα,
∂(a,a,b)(γ) = γα and ∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = βαγ + βγα = β(αγ + γα) = βγα. Since
αβγ ≤ βαγ, it follows
∂(a,a,b)(βγ) = αβγ + βγα = βγα = ∂(a,a,b)(β)γ + β∂(a,a,b)(γ).
Case 9.5. Let β(b) ≤ b and γ ∈ (c, c, c). We obtain ∂(a,a,b)(γ) = αγ + γα = c+ γα = c
and ∂(a,a,b)(βγ) = αβγ + βγα = c+ βγα = c. So, it follows
∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = (αβ + βα)γ + βc = (αβ + βα)γ + c = c = ∂(b,b,c)(βγ).
Case 9.6. Let β ∈ (c, c, c) and γ(b) ≤ b. As in the previous case αβ = c and ∂(a,a,b)(β) =
c. Now, we obtain ∂(a,a,b)(βγ) = αβγ + βγα = cγ + βγα. Then
∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = cγ + β(αγ + γα) = cγ + βαγ + βγα =
= (c+ βα)γ + βγα = cγ + βγα = ∂(a,a,c)(βγ).
Case 9.7. Let β ∈ (c, c, c) and γ ∈ (c, c, c). As in the previous cases we find ∂(a,a,b)(β) =
c, ∂(a,a,b)(γ) = c and ∂(a,a,b)(βγ) = c. Then, it follows
∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = c = ∂(a,a,b)(βγ).
Suppose that β(b) = a, γ(a) = b and γ(b) = c. As in case 9.1, it follows αβ = a and
∂(a,a,b)(β) = βα. Since
αγ(a) = γ(α(a)) = γ(a) = b > a = γ(b) = α(γ(a)) = γα(a),
αγ(b) = γ(α(b)) = γ(a) = b = α(c) = α(γ(b)) = γα(b),
αγ(c) = γ(α(c)) = γ(b) = c > b = α(c) = α(γ(c)) = γα(c),
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it follows αγ > γα and ∂(a,a,b)(γ) = αγ. We obtain ∂(a,a,b)(βγ) = αβγ+βγα = aγ+βγα <
aγ + βαγ = (a+ βα)γ = βαγ. Then, it follows
∂(a,a,b)(β)γ + β∂(a,a,b)(γ) = βαγ + βαγ = βαγ > ∂(a,a,b)(βγ).
From the last inequality follows that the endomorphisms of type (b, c, c) does not
belong to the subsemiring D(a,a,b) of △(n){a, b, c}, closed under the derivation ∂(a,a,b).
If assume that endomorphisms of type (a, c, c) belongs to D(a,a,b) we have reached a
contradiction, because sum of an endomorphism of type (a, c, c) and b is an endomorphism
of type (b, c, c). So, D(a,a,b) = D(b,b,b). Thus we prove
Proposition 9. The map ∂(a,a,b) is a derivation. Maximal subsemiring of △
(n){a, b, c}
closed under this derivation is D(a,a,b) containing all endomorphisms except the
endomorphisms of types (a, c.c) and (b, c, c).
Case 10. Let α ∈ (b, c, c).
Case 10.1. Let β(a) ≥ b and γ(a) ≥ b. Since
αβ(a) = β(α(a)) = β(b) ≤ c = α(b) ≤ α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(c) ≤ c = α(b) ≤ α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) ≤ α(β(c)) = βα(c),
it follows αβ ≤ βα and ∂(b,c,c)(β) = βα. Similarly ∂(b,c,c)(γ) = γα. Since βγ(a) = γ(β(a) ≥
γ(b) ≥ γ(a) ≥ b, it follows ∂(b,c,c)(βγ) = βγα. So, we obtain
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = βαγ + βγα = β(αγ + γα) = βγα = ∂(b,c,c)(βγ).
Case 10.2. Let β(a) = a, β(b) = b, γ(a) = a and γ(b) = b. Since
αβ(a) = β(α(a)) = β(b) = b = α(a) = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(c) ≤ c = α(b) ≤ α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) ≤ c = α(b) ≤ α(β(c)) = βα(c),
it follows αβ ≤ βα and ∂(b,c,c)(β) = βα. Similarly ∂(b,c,c)(γ) = γα. Since βγ has the same
properties as β and γ, it follows ∂(b,c,c)(βγ) = βγα. As in the previous case we obtain the
equality
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = ∂(b,c,c)(βγ).
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Case 10.3. Let β(a) ≥ b, γ(a) = a and γ(b) = b. As in case 10.1 we find ∂(b,c,c)(β) = βα.
As in case 10.2 we obtain ∂(b,c,c)(γ) = γα.
Now we find ∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = βαγ + βγα = β(αγ + γα) = βγα and
∂(a,c,c)(βγ) = αβγ + βγα. Since
βγα ≤ αβγ + βγα ≤ βαγ + βγα = β(αγ + γα) = βγα,
it follows
∂(a,c,c)(β)γ + β∂(a,c,c)(γ) = βγα = ∂(a,c,c)(βγ).
Case 10.4. Let β(a) = a, β(b) = b and γ(a) ≥ b. As in the previous case we find
∂(b,c,c)(β) = βα and ∂(b,c,c)(γ) = γα. Since βγ(a) = γ(β(a)) = γ(a) ≥ b, it follows
∂(b,c,c)(βγ) = βγα. Now, as in case 10.1, we obtain
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = ∂(b,c,c)(βγ).
Case 10.5. Let β(a) ≥ b, γ(a) = a and γ(b) = c. As in case 10.1 we find ∂(b,c,c)(β) = βα.
Since αγ = c, it follows ∂(b,c,c)(γ) = c. We obtain also βγ = c and then ∂(b,c,c)(βγ) = c.
Now calculate
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = βαγ + βc = βc+ βc = c = ∂(b,c,c)(βγ).
Case 10.6. Let β(a) = a, β(b) = c and γ(a) ≥ b. As in case 10.5 we find αβ = c,
∂(b,c,c)(β) = c and ∂(b,c,c)(γ) = γα. Then ∂(b,c,c)(βγ) = αβγ + βγα = cγ + βγα and
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = cγ + βγα = ∂(b,c,c)(βγ).
Case 10.7. Let β(a) = a, β(b) = b, γ(a) = a and γ(b) = c. As in case 10.2 we
find ∂(b,c,c)(β) = βα. As in case 10.5 we obtain αγ = c and ∂(b,c,c)(γ) = c. Now we find
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = βαγ + βc = βc + βc = c. In case 10.2 we find that αβ(a) = b,
αβ(b) ≥ b and αβ(c) ≥ b. Hence αβγ = c. Thus we have
∂(b,c,c)(βγ) = αβγ + βγα = c = ∂(b,c,c)(β)γ + β∂(b,c,c)(γ).
Case 10.8. Let β(a) = a, β(b) = c, γ(a) = a and γ(b) = b. As in the previuos case we
find αβ = c and ∂(b,c,c)(β) = c and ∂(b,c,c)(γ) = γα. Then, as in case 10.6 we obtain
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = cγ + βγα = ∂(b,c,c)(βγ).
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Case 10.9. Let β(a) = a, β(b) = c, γ(a) = a and γ(b) = c. As in the previuos case we
find αβ = c and ∂(b,c,c)(β) = c, αγ = c and ∂(b,c,c)(γ) = c. Since βγ(a) = a and βγ(b) = c,
it follows ∂(b,c,c)(βγ) = c. Hence, we obtain
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = cγ + βc = c = ∂(b,c,c)(βγ).
Case 10.10. Let β(b) ≥ b and γ ∈ (a, a, a). Easy follows that ∂(b,c,c)(β) = βα = c. We
obtain ∂(b,c,c)(γ) = αγ + γα = a + γα = γα. Then we find ∂(b,c,c)(βγ) = αβγ + βγα =
a+ βγα = βγα. So, it follows
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = cγ + βγα = a + βγα = βγα = ∂(a,c,c)(βγ).
Case 10.11. Let β ∈ (a, a, a) and γ(b) ≥ b. As in the previous case αβ = a and
∂(b,c,c)(β) = βα and also ∂(b,c,c)(γ) = γα = c. Now, we find ∂(b,c,c)(βγ) = αβγ + βγα =
aγ + βγα. Since aγ = αβγ ≤ βαγ ≤ βγα, it follows ∂(b,c,c)(βγ) = βγα. Now, we obtain
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = βαγ + βγα = βγα = ∂(b,c,c)(βγ).
Case 10.12. Let β ∈ (a, a, a) and γ ∈ (a, a, a). As in the previous case αβ = a and
∂(b,c,c)(β) = βα and also αγ = a and ∂(b,c,c)(γ) = γα. and also ∂(b,c,c)(βγ) = βγα. Then we
have
∂(b,c,c)(β)γ + β∂(b,c,c)(γ) = βαγ + βγα = βa+ βγα = βγα = ∂(b,c,c)(βγ).
Suppose that β(b) = a, β(c) ≤ b, γ(a) = a and γ(b) = c. Since
αβ(a) = β(α(a)) = β(b) = a < b = α(a) = α(β(a)) = βα(a),
αβ(b) = β(α(b)) = β(c) ≤ b = α(a) = α(β(b)) = βα(b),
αβ(c) = β(α(c)) = β(c) = α(β(c)) = βα(c),
it follows αβ ≤ βα and ∂(b,c,c)(β) = βα. As in case 10.9 we obtain αγ = c and ∂(b,c,c)(γ) = c.
We find ∂(b,c,c)(βγ) = αβγ+ βγα and ∂(b,c,c)(β)γ+ β∂(b,c,c)(γ) = βαγ+ βc = βαγ + c = c.
Since α(a) = b, β(b) = a and γ(a) = a, it follows αβγ(a) = a. Similarly β(a) = a,
γ(a) = a and α(a) = b implies βγα(a) = b. Thus ∂(b,c,c)(βγ)(a) = b and then ∂(b,c,c)(βγ) <
∂(b,c,c)(β)γ + β∂(b,c,c)(γ).
From the last inequality we conclude that the endomorphisms of type (a, a, b) does
not belong to the subsemiring D(b,c,c) of △
(n){a, b, c}, closed under the derivation ∂(b,c,c).
If assume that endomorphisms of type (a, a, c) belongs to D(b,c,c) we find a contradiction,
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because product of an endomorphism of type (a, a, c) and an endomorphism of type (a, b, b)
is an endomorphism of type (a, a, b).
So, the semiring D(b,c,c) = D(a,c,c) and does not contain endomorphisms of types (a, a, b)
and (a, a, c). Thus we prove
Proposition 10. The map ∂(b,c,c) is a derivation. Maximal subsemiring of△(n){a, b, c}
closed under this derivation is D(b,c,c) containing all endomorphisms except the
endomorphisms of types (a, a, b) and (a, a, c).
3. Local derivations
In the the all propositions from the previous section we prove for some fixed type
(x, y, z) of an endomorphism that ∂(x,y,z) is a derivation. But for different endomorphisms
α1 and α2, where α1, α2 ∈ (x, y, z) the derivations ∂α1 and ∂α2 are different, as we see in
the following example.
Example 1. In the triangle △(7){1, 3, 5} we consider:
— the class (a, a, a), consisting of endomorphisms 1, 163 and 165,
— the class (a, a, b), consisting of endomorphisms 1532, 1535, 1433 and 14325,
— the class (a, a, c), consisting of endomorphisms 1552, 14352 and 1453.
The set of these classes is a semiring and this semiring S is closed under the derivations
∂α, where α ∈ S, as we prove in cases 1, 6.1 and 9.1.
The values of derivations ∂1552(α), ∂14352(α) and ∂1453(α), where α ∈ S, are shown in
the following table:
1 163 165 1532 1535 1433 14325 1552 14352 1453
∂1552 1 1 1 1532 1532 1532 1532 1552 1552 1453
∂14352 1 1 1 1532 1532 1532 1532 1552 1552 1453
∂1453 1 1 1 1433 1433 1433 1433 1453 1453 1453
.
Here the derivations ∂1552 and ∂1453 are different maps in the semiring S.
For a fixed type (x, y, z) the derivations ∂α, where α ∈ (x, y, z), are called local
derivations of this type.
The local derivations of a given type in general case does not commute as we see in
the previous example:
∂1453
(
∂1552(1532)
)
= 1433 > 1533 = ∂1552
(
∂1453(1532)
)
.
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But for the same triangle there are commuting derivations.
Example 2. Let us consider in △(7){1, 3, 5} the type (a, b, b) which is a semiring. The
endomorphisms belonging to this type are 1334, 13335, 1235 and 12345.
The values of derivations ∂1552(α), ∂14352(α) and ∂1453(α), where α is one of the last
four endomorphisms are shown in the table:
1334 13335 1235 12345
∂1552 1532 1535 1532 1535
∂14352 1433 14325 1433 14325
∂1453 1433 14325 1433 14325
.
Now, it is easy to check that derivations ∂1552 , ∂14352 and ∂1453 commutes in semring
of endomorphisms of type (a, b, b).
We define addition and multiplication of types of endomorphism to be the same
as operations of corresponding endomorphisms in the coordinate semiring. So, the
multiplication of the types has the following table:
· (a, a, a) (a, a, b) (a, a, c) (a, b, b) (a, b, c) (a, c, c) (b, b, b) (b, b, c) (b, c, c) (c, c, c)
(a, a, a) (a, a, a) (a, a, a) (a, a, a) (a, a, a) (a, a, a) (a, a, a) (b, b, b) (b, b, b) (b, b, b) (c, c, c)
(a, a, b) (a, a, a) (a, a, a) (a, a, a) (a, a, b) (a, a, b) (a, a, c) (b, b, b) (b, b, b) (b, b, c) (c, c, c)
(a, a, c) (a, a, a) (a, a, b) (a, a, c) (a, a, b) (a, a, c) (a, a, c) (b, b, b) (b, b, c) (b, b, c) (c, c, c)
(a, b, b) (a, a, a) (a, a, a) (a, a, a) (a, b, b) (a, b, b) (a, c, c) (b, b, b) (b, b, b) (b, c, c) (c, c, c)
(a, b, c) (a, a, a) (a, a, b) (a, a, c) (a, b, b) (a, b, c) (a, c, c) (b, b, b) (b, b, c) (b, c, c) (c, c, c)
(a, c, c) (a, a, a) (a, b, b) (a, c, c) (a, b, b) (a, c, c) (a, c, c) (b, b, b) (b, c, c) (b, c, c) (c, c, c)
(b, b, b) (a, a, a) (a, a, a) (a, a, a) (b, b, b) (b, b, b) (c, c, c) (b, b, b) (b, b, b) (c, c, c) (c, c, c)
(b, b, c) (a, a, a) (a, a, b) (a, a, c) (b, b, b) (b, b, c) (c, c, c) (b, b, b) (b, b, c) (c, c, c) (c, c, c)
(b, c, c) (a, a, a) (a, b, b) (a, c, c) (b, b, b) (b, c, c) (c, c, c) (b, b, b) (b, c, c) (c, c, c) (c, c, c)
(c, c, c) (a, a, a) (b, b, b) (c, c, c) (b, b, b) (c, c, c) (c, c, c) (b, b, b) (c, c, c) (c, c, c) (c, c, c)
.
Thus this is just the table of multiplication in the semiring △(3){0, 1, 2}.
Now we define a Jordan multiplication of two types (x, y, z) and (u, v, w) by
(x, y, z) ◦ (u, v, w) = (x, y, z) · (u, v, w) + (u, v, t) · (x, y, t).
Then the table of the Jordan multiplication of the types of endomorphisms which are
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elements of △(n){a, b, c} has the following form:
◦ (a, a, a) (a, a, b) (a, a, c) (a, b, b) (a, b, c) (a, c, c) (b, b, b) (b, b, c) (b, c, c) (c, c, c)
(a, a, a) (a, a, a) (a, a, a) (a, a, a) (a, a, a) (a, a, a) (a, a, a) (b, b, b) (b, b, b) (b, b, b) (c, c, c)
(a, a, b) (a, a, a) (a, a, a) (a, a, b) (a, a, b) (a, a, b) (a, b, c) (b, b, b) (b, b, b) (b, b, c) (c, c, c)
(a, a, c) (a, a, a) (a, a, b) (a, a, c) (a, a, b) (a, a, c) (a, c, c) (b, b, b) (b, b, c) (b, c, c) (c, c, c)
(a, b, b) (a, a, a) (a, a, b) (a, a, b) (a, b, b) (a, b, b) (a, c, c) (b, b, b) (b, b, b) (b, c, c) (c, c, c)
(a, b, c) (a, a, a) (a, a, b) (a, a, c) (a, b, b) (a, b, c) (a, c, c) (b, b, b) (b, b, c) (b, c, c) (c, c, c)
(a, c, c) (a, a, a) (a, b, c) (a, c, c) (a, c, c) (a, c, c) (a, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c)
(b, b, b) (b, b, b) (b, b, b) (b, b, b) (b, b, b) (b, b, b) (c, c, c) (b, b, b) (b, b, b) (c, c, c) (c, c, c)
(b, b, c) (b, b, b) (b, b, b) (b, b, c) (b, b, b) (b, b, c) (c, c, c) (b, b, b) (b, b, c) (c, c, c) (c, c, c)
(b, c, c) (b, b, b) (b, b, c) (b, c, c) (b, c, c) (b, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c)
(c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c) (c, c, c)
.
An additive subsemigrop J of a semiring S is said to be a Jordan ideal of S if u◦s ∈ J ,
for all u ∈ J ans s ∈ S. Immediately from the last table we obtain
Corollary. The subsemiring of△(n){a, b, c} consisting of types (b, b, b), (b, b, c), (b, c, c)
and (c, c, c) is a Jordan ideal of the triangle.
The last table structure gives an idea for the following result.
Lemma 1. Let α, β, γ ∈ △(n){a, b, c}, α and β are of the same type and γ ∈ (a, b, c).
Then γα = γβ.
Proof. Case 1. Let α, β ∈ (x, x, x), where x = a or x = b, or x = c. Then γα = x = αγ,
γβ = x = βγ. So, γα = γβ.
Case 2. Let α, β ∈ (a, a, b). Then α = aibjcn−i−j, where a < b ≤ i− 1 < c ≤ i+ j − 1
and β = ai1bj1cn−i1−j1, where a < b ≤ i1 − 1 < c ≤ i1 + j1 − 1. For γ = akbℓcn−k−ℓ, where
a ≤ k − 1 < b ≤ k + ℓ− 1 < c, it follows γα = ak+ℓbn−k−ℓ = γβ.
Case 3. Let α, β ∈ (a, b, b). Then α = aibjcn−i−j , where a ≤ i− 1 < b < c ≤ i+ j − 1
and β = ai1bj1cn−i1−j1, where a ≤ i1 − 1 < b < c ≤ i1 + j1 − 1. For γ = akbℓcn−k−ℓ, where
a ≤ k − 1 < b ≤ k + ℓ− 1 < c, it follows γα = akbn−k = γβ.
Case 4. Let α, β ∈ (b, b, c). Then α = aibjcn−i−j, where i ≤ a < b ≤ i + j − 1 < c
and β = ai1bj1cn−i1−j1, where i1 ≤ a < b ≤ i1 + j1 − 1 < c. For γ = akbℓcn−k−ℓ, where
a ≤ k − 1 < b ≤ k + ℓ− 1 < c, it follows γα = bk+ℓcn−k−ℓ = γβ.
Case 5. Let α, β ∈ (a, b, c). Then α and β are right identities and γα = γβ.
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Case 6. Let α, β ∈ (a, a, c). Then α = aibjcn−i−j, where a < b ≤ i− 1 < i+ j − 1 < c
and β = ai1bj1cn−i1−j1, where a < b ≤ i1 − 1 < i1 + j1 − 1 < c. For γ = akbℓcn−k−ℓ, where
a ≤ k − 1 < b ≤ k + ℓ− 1 < c, it follows γα = ak+ℓcn−k−ℓ = γβ.
Case 7. Let α, β ∈ (a, c, c). Then α = aibjcn−i−j, where a ≤ i − 1 < i + j ≤ b < c
and β = ai1bj1cn−i1−j1, where a ≤ i1 − 1 < i1 + j1 ≤ b < c. For γ = akbℓcn−k−ℓ, where
a ≤ k − 1 < b ≤ k + ℓ− 1 < c, it follows γα = akcn−k = γβ.
Case 8. Let α, β ∈ (b, c, c). Then α = aibjcn−i−j, where i ≤ a < i + j ≤ b < c
and β = ai1bj1cn−i1−j1, where i1 ≤ a < i1 + j1 ≤ b < c. For γ = akbℓcn−k−ℓ, where
a ≤ k − 1 < b ≤ k + ℓ− 1 < c, it follows γα = bkcn−k = γβ.
We remind that the type (a, b, c), that is the subsemiring of the right identities of
△(n){a, b, c} is denoted by RI
(
△(n){a, b, c}
)
in [15].
Theorem 1. The local derivations ∂α and ∂β , where α, β ∈ △(n){a, b, c} are of the
same type, commutes in semiring RI
(
△(n){a, b, c}
)
.
Proof. Let us denote αβ = α1 and βα = β1. Then ∂α(β) = αβ+βα = α1+β1 = ∂β(α).
Since γ ∈ RI
(
△(n){a, b, c}
)
. is a right identity, it follows ∂α(γ) = αγ + γα = α + γ1,
where γ1 = γα. Similarly ∂β(γ) = β+ γ2, where γ2 = γβ. But from Lemma 1 γ2 = γ1. So,
∂β(γ) = β + γ1. Now
∂α∂β(γ) = ∂β
(
∂α(γ)
)
= ∂β(α + γ1) = ∂β(α) + ∂β(γ1) =
= α1 + β1 + βγ1 + γ1β = α1 + β1 + βγα+ γαβ = α1 + β1 + βα+ γα1 = α1 + β1 + γα1.
In the same way ∂β∂α(γ) = α1+β1+γβ1. But α1 and β1 are endomorphisms of the type
of α and β. Then from Lemma 1, it follows γβ1 = γα1. Hence, we prove ∂α∂β(γ) = ∂β∂α(γ)
for any γ ∈ RI
(
△(n){a, b, c}
)
.
By similar arguments one can find local derivations which commute in another
subsemiring of △(n){a, b, c}.
Remark. There is a trivial case when local derivations commutes in △(n){a, b, c}. Let
α, β ∈ (c, c, c). For any γ ∈ △(n){a, b, c} we obtain ∂α(γ) = αγ + γα = αγ + c = c and
similarly ∂β(γ) = c. Since ∂α(∂β(γ)) = c = ∂β(∂α(γ)), it follows ∂α∂β = ∂β∂α.
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4. Jordan derivations in an arbitrary simplex
For any endomorphism α ∈ σ(n){a0, . . . , ak−1} we consider the map
∂α : σ
(n){a0, . . . , ak−1} → σ
(n){a0, . . . , ak−1},
such that ∂α(β) = αβ + βα, where β ∈ △(n){a, b, c}.
As in section 2 for any endomorphisms α, β, γ ∈ σ(n){a0, . . . , ak−1} it follows
∂α(β + γ) = ∂α(β) + ∂α(γ), i.e. the map ∂α for all α ∈ σ(n){a0, . . . , ak−1} is a linear.
As we know from [12] an endomorphism α ∈ σ(n){a0, a1, . . . , ak−1} is called
endomorphism of type (am0 , . . . , amk−1), where mi ∈ {0, . . . , k − 1}, mi ≤ mj for i < j,
i, j = 0, . . . , k − 1, if α(ai) = ami .
It is clear that the relation α ∼ β if and only if α and β are of the same type is
an equivalence relation. Any equivalence class is closed under the addition, but there are
equivalence classes which are not closed under the multiplication.
The type of any endomorphism is itself an endomorphism of a simplex ÊCk =
σ(k){0, 1, . . . , k−1}. The simplex ÊCk is called a coordinate simplex of σ
(n){a0, a1, . . . , ak−1}.
An important role in work with the types of endomorphisms is the following result
Theorem 2. [13] Let σ(n){a0, a1, . . . , ak−1} be a simplex. Let R be a subsemiring of
the coordinate simplex ECk of σ
(n){a0, a1, . . . , ak−1}. Then the set R˜ of all endomorphisms
of σ(n){a0, a1, . . . , ak−1} having a type ≪ m0, . . . , mk−1 ≫, where the endomorphism
≀m0, . . . , mk−1 ≀ ∈ R is a semiring. Moreover, if R is a (right, left) ideal of semiring
ÊCk , it follows that R˜ is a (right, left) ideal of simplex σ
(n){a0, a1, . . . , ak−1}.
As we know from section 2 the proofs that ∂α where α ∈ σ(n){a0, a1, . . . , ak−1} are
derivations depends of the type of this endomorphism.
The identity element of coordinate simplex ECk forms a trivial subsemiring of ECk .
So, from the upper theorem, it follows that endomorphisms of σ(n){a0, a1, . . . , ak−1}
of type (0, 1, . . . , k − 1) forms a semiring. In [13] this semiring is denoted by
RI
(
σ(n){a0, a1, . . . , ak−1}
)
. Elements of this semiring are right identities of the simplex
and his order is
k−1∏
i=0
(ai+1 − ai).
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Proposition 11. The map ∂α, where α ∈ RI
(
σ(n){a0, a1, . . . , ak−1}
)
is a derivation
in the whole semiring σ(n){a0, a1, . . . , ak−1}.
Proof. There is not difference with the proof of Proposition 1.
It is easy to see that the endomorphisms of type (a0, a0, . . . , a0) forms a semiring.
Note that the type (a0, a0, . . . , a0) is an element of the semiring N
[0]
k consisting of 0–
nilpotent elements of ECk and order of this semiring is the k − 1–th Catalan number, i.e.∣∣∣N [0]k ∣∣∣ = 1k
(
2k − 2
k − 1
)
.
Proposition 12. The map ∂α, where α ∈ (a0, a0, . . . , a0) is a derivation in the whole
semiring σ(n){a0, a1, . . . , ak−1}.
Proof. Exactly the same proof as for Proposition 2.
The endomorphisms of type (ak−1, ak−1, . . . , ak−1) also forms a semiring. This type
(ak−1, ak−1, . . . , ak−1) is an element of the semiring N
[k−1]
k consisting of k − 1–nilpotent
elements of ECk and order of this semiring is also the k − 1–th Catalan number.
Proposition 13. The map ∂α, where α ∈ (ak−1, ak−1, . . . , ak−1) is a derivation in the
whole semiring σ(n){a0, a1, . . . , ak−1}.
Proof. Exactly the same proof as for Proposition 3.
Now we consider the endomorphisms of type (aℓ, aℓ, . . . , aℓ), where 0 < ℓ < k−1. They
also forms a semiring. This type (aℓ, aℓ, . . . , aℓ) is an element of the semiringN
[ℓ]
k consisting
of ℓ–nilpotent elements of ECk . We know that order of this semiring is
∣∣∣N [ℓ]k ∣∣∣ = Cℓ.Ck−ℓ−1,
where Cℓ is the ℓ – th Catalan number.
Proposition 14. The map ∂α, where α ∈ (aℓ, aℓ, . . . , aℓ) and 0 < ℓ <
k − 1 is a derivation in the semiring σ(n){a0, a1, . . . , ak−1}. Maximal subsemiring
of σ(n){a0, a1, . . . , ak−1} closed under ∂α is the semiring D(aℓ,aℓ,...,aℓ) consisting of all
endomorphisms except those of types (am0 , . . . , amℓ , . . . , amk−1), wheremℓ > ℓ andm0 ≤ ℓ.
Proof. For arbitrary endomorphisms α, β, γ ∈ (aℓ, aℓ, . . . , aℓ), it follows βα = aℓ and
then ∂α(β) = αβ + aℓ.
Case 1. Let β(aℓ) ≤ aℓ and γ(aℓ) ≤ aℓ. So, it follows αβ ≤ aℓ, αγ ≤ aℓ and then
∂α(β) = aℓ and ∂α(γ) = aℓ. Since βγ(aℓ) = γ(β(aℓ)) ≤ γ(aℓ) ≤ aℓ, we obtain ∂α(βγ) = aℓ.
Now we find ∂α(β)γ + β∂α(γ) = aℓγ + βaℓ = aℓγ + aℓ. It is clear that aℓγ ≤ aℓ. Hence
∂α(β)γ + β∂α(γ) = aℓ = ∂α(βγ).
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Case 2. Let β(aℓ) ≤ aℓ and γ ∈ (aj, aj , . . . , aj), where ℓ < j ≤ k − 1. As in the
previous case ∂α(β) = aℓ. Now, we have ∂α(γ) = αγ + γα = aj + aℓ = aj. We obtain
∂α(βγ) = αβγ + βγα = aj + aℓ = aj . Thus we obtain
∂α(β)γ + β∂α(γ) = aℓγ + βaj = aj = ∂α(βγ).
Case 3. Let β ∈ (aj , aj, . . . , aj), where ℓ < j ≤ k − 1 and γ(b) ≤ b. As in the previous
case ∂α(β) = aj and ∂α(γ) = aℓ. Now, it follows ∂α(βγ) = αβγ + βγα = ajγ + βaℓ and
then
∂α(β)γ + β∂α(γ) = ajγ + βaℓ = ∂α(βγ).
Case 4. Let β ∈ (ak−1, ak−1, . . . , ak−1) and γ ∈ (ak−1, ak−1, . . . , ak−1), where ℓ < j ≤
k − 1. Obviously ∂α(β) = aj , ∂α(γ) = aj, ∂α(βγ) = aj and then
∂α(β)γ + β∂α(γ) = aj = ∂α(βγ).
Suppose that β(aℓ) = a0, γ(aℓ) = aj , where ℓ < j ≤ k−1 and γ(a0) = ai, where i < j.
Now αβ = a0 and βα = aℓ, so, ∂α(β) = aℓ. We obtain γα = aℓ and αγ = aj and then
∂α(γ) = aj . Now we find ∂α(βγ) = αβγ + βγα = a0γ + βaℓ = a0γ + aℓ. But a0γ = ai. If
s = max{i, ℓ}, then ∂α(βγ) = as. Now, it follows
∂α(β)γ + β∂α(γ) = aℓγ + βaj = aj + aj = aj > as = ∂α(βγ).
From the last inequality foolows that the endomorphisms of all types
(am0 , . . . , amℓ , . . . , amk−1), where mℓ > ℓ and m0 ≤ ℓ does not belong to the subsemiring
D(aℓ,aℓ,...,aℓ), closed under derivation ∂α, where α ∈ (ak−1, ak−1, . . . , ak−1).
For a fixed type (am0 , . . . , amk−1) the derivations ∂α, where
α ∈ (am0 , . . . , amℓ , . . . , amk−1), are called local derivations of this type.
Now, let endomorphism α be of type (am0 , . . . , amk−1) and the endomorphism
(m0, . . . , mk−1) from the coordinate simplex ECk be an idempotent, different from all the
constant endomorphisms j, where j = 0, . . . , k − 1, and from the identity i. Then we say
that α is an endomorphism of an idempotent form.
Lemma 2. Let:
a) α, β ∈ RI
(
σ(n){a0, a1, . . . , ak−1}
)
;
b) α, β ∈ (aℓ, aℓ, . . . , aℓ), where ℓ = 0, . . . , k − 1;
c) α and β are of the same type and also of an idempotent form.
Let γ ∈ RI
(
σ(n){a0, a1, . . . , ak−1}
)
. Then γα = γβ.
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Proof. Let α = (am0)i0(am1)i1 · · · (amk−1)ik−1 and β = (am0)j0(am1)j1 · · · (amk−1)jk−1.
a) Since α and β are right identities then γα = γ = γβ.
b) Now γα = aℓ = αγ, γβ = aℓ = βγ. So, γα = γβ.
c) Let γ = (a0)ℓ0(a1)ℓ1 · · · (ak−1)ℓk−1 and ℓms is the greatest integer which is less or
equal to the number ms, where s = 0, 1, . . . , k − 1. Then from (3) of 6.1, it follows
γα = (am0)∑m0p=0 ℓp(am1)
∑m1
p=m0+1
ℓp
· · · (amk−1)∑mk−1
p=mk−2+1
ℓp
= γβ.
Theorem 3. The local derivations ∂α and ∂β, where α and β are endomorphisms of
the same type, such that:
a) α, β ∈ RI
(
σ(n){a0, a1, . . . , ak−1}
)
;
b) α, β ∈ (aℓ, aℓ, . . . , aℓ), where ℓ = 0, . . . , k − 1;
c) α and β are of the same type and also of an idempotent form,
commutes in semiring RI
(
σ(n){a0, a1, . . . , ak−1}
)
.
Proof. Exactly the same proof as for Theorem 1.
Remark. The number of all types considered in the last theorem is the even Fibonacci
number f2k – [3], Theorem 14.3.6.
5. Jordan derivation which is not a derivation
Here we use some notations and facts from [20].
Let us consider the upper triangular Toeplitz n×nmatrices with entries from additively
idempotent semiring S0. In [20] the additively idempotent semiring of such matrices we
denote by UTn(S0).
Remain that any matrix A ∈ UTn(S0) has a form
A = a0E + a1D + · · ·+ an−1D
n−1,
where ai ∈ S0, i = 0, 1, . . . , n− 1, E is an identity matrix and
D =


0 1 0 · · · 0 0
0 0 1 · · · 0 0
...
...
...
...
...
...
0 0 0 · · · 0 1
0 0 0 · · · 0 0


.
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Let X ∈ UTn(S0) be a fixed matrix. For any A ∈ UTn(S0) we have
AX = a0x0E + (a0x1 + a1x0)D + · · ·+
k∑
i=0
aixk−iD
k + · · ·+ (a0xn−1 + an−1x0)D
n−1
and
XA = x0a0E + (x0a1 + x1a0)D + · · ·+
k∑
i=0
xiak−iD
k + · · ·+ (x0an−1 + xn−1a0)D
n−1.
Now, the Jordan multiplication a ◦ b = ab + ba in semiring S0 induces a Jordan
multiplication in UTn(S0). Thus we have
X ◦ A = AX +XA = (x0 ◦ a0)E + (x0 ◦ a1 + x1 ◦ a0)D + · · ·+
+
k∑
i=0
(xi ◦ ak−i)D
k + · · ·+ (x0 ◦ an−1 + xn−1 ◦ a0)D
n−1 ∈ UTn(S0).
Let us define δX(A) = X ◦ A. Then for any B ∈ UTn(S0), it follows δX(B) = X ◦ B
and δX(A ◦B) = X ◦A ◦B. Since δX(A) ◦B = X ◦A ◦B and A ◦ δX(B) = A ◦X ◦B =
(A ◦X) ◦B = (X ◦ A) ◦B = X ◦ A ◦B, it follows
δX(A ◦B) = δX(A) ◦B + A ◦ δX(B).
Thus we prove that δX is a Jordan derivation.
On the other hand we consider δX(AB) = X ◦ AB = XAB + ABX.
We calculate δX(A)B = (XA + AX)B = XAB + AXB and AδX(B) = A(XB +
BX) = AXB + ABX. In the general case
δX(AB) = XAB + ABX 6= XAB + AXB + ABX = δX(A)B + AδX(B),
as we understand by the following resoning:
The element a11 in the matrix in the left side of the inequality above is equal to
x0a0b0 + a0b0x0,
but this element in the matrix in the right side is equal to
x0a0b0 + a0x0b0 + a0b0x0.
Hence δX is a Jordan derivation, but is not a derivation.
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